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Abstract 
- 
The cohomology of the hyperelliptic mapping class group of genus g with coefficients in any 
field has been determined by Boedigheimer-Cohen-Peim. We give an alternative, more geometric 
and elementary way to compute it when the characteristic of the field is greater than g. 0 1997 
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Introduction 
The simplest of compact Riemann surfaces are hyperelliptic curves. By definition these 
curves are the compactifications of the plane curves in the (z, W) plane 
2g+2 
w2= n(~-uJ (az#q (i#j)), 
i=l 
and admit the hyperelliptic involutions given by (z, w) H (z, -w). 
The hyperelliptic mapping class group A, is the subgroup of the mapping class group 
rg corresponding to the hyperelliptic curves. As is known, A2 = l3, and A, # r, for 
g 3 3. The cohomology of the group A, has been studied by Benson and Cohen [2], 
Cohen [6,7] and so on. The cohomology groups H* (A,; k) with coefficients in any field 
k have been determined by Boedigheimer, Cohen and Peim [4]. They utilize sophisti- 
cated techniques coming from algebraic topology. The purpose of the present paper is to 
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show an alternative, more geometric and elementary way to analyze cohomology of the 
group A,. 
In studying mapping class groups we find difficulty coming from their finite subgroups. 
To avoid it we usually use their certain torsion-free normal subgroups, which correspond 
to moduli of leveled Riemann surface. But, as for the cohomology group H*(A,; k) with 
ch iE < 2g + 2, there remains the difficulty, so that it is required to utilize sophisticated 
techniques in algebraic topology. 
In the present paper we use a mapping class group of a surface with a non-zero tangent 
vector (or with boundary) instead. This enables us to study it in more geometric and el- 
ementary way. We compute the cohomology H* (A,; k) in the case ch Ic > g + 1, where 
the cohomology groups of the Artin braid groups Bzg+ 1 and BQ+~ are simple [5,13]. 
The author does not know how applicable our method is to the case ch k 1 (2 - 2g), and 
so hopes specialists in algebraic topology would make full use of this method. 
We fix our notations. Throughout this paper let g 3 2 and C, be an oriented 2-dimen- 
sional C” manifold of genus g. Usually the group of path-components rroDiff+ (C,) is 
denoted by r, (or M,) and called the mapping class group of genus g, where Diff+ (C,) 
denotes the topological groups consisting of all orientation preserving diffeomorphisms 
of the C” manifold C, endowed with the C” topology. Let a point p E C, be fixed. 
Similarly we denote 
rj := rroDiff+(C,,p) and r,,r := 7r~~Diff+(C,, TnC,), 
where 
Diff+(C,,p) := {f E Diff+(C,); f(p) = p} 
Diff+(X,,T,C,) := {f E Diff+(C,,p); (df), = latch}. 
Then we have exact sequences 
0 + 7ri(C,) + r; + r, t 1, 
0 + Z + r,,, + rj + 1 and 
0 + rrI(~X~g) + r,,, + r, + I, 
where we denote by TX C,q the fiber bundle over C, obtained by deleting the zero section 
from the tangent bundle TC,. 
Let L E r, be the mapping class of a hyperelliptic involution. Our main object to study 
in this paper is the centralizer A, of L in the group r,: 
A, := (4 Ergi +#- = L}, 
which we call the hyperelliptic mapping class group of genus g. 
Let k be a field. We denote its characteristic by chic. Easily one can deduce 
H*(A,;H'(C,;k)) = 0, if chk # 2. (0.1) 
Introduce the fiber product Ag,, := A, x r, r,, 1. By (0. l), if ch Ic t (2 -2g), the extension 
0 + n,(TXC,) + A,,, _; A, + 1 
induces a Gysin exact sequence 
. --t Wf3(Ag,,) 3 H”(A,) iij Hq+4(A,) 2; Hq+4(Ay,,) -i . ‘. (0.2) 
with coefficients in the field k, where E is given by 
E := e2 - (2 - 2g)-‘4 E H4(n,; I;) (Proposition 1.2). 
Here e,, E H’” (rg; Z) is the nth Morita-Mumford class [ 11,121. 
Let H,,I denote the space of holomorphic isomorphism classes (i.e., the moduli) of 
triples (C,p. 0). where C is a hyperelliptic curve of genus g, p E C, and v E TXC := 
T,C - (0). In Section 2 we prove that H,,t is an Eilenberg-MacLane space of type 
(A,.,: l), and give its description with the (braid) configuration spaces of the complex 
line @. The description induces a cohomology exact sequence 
. i HQ-‘(B?,q+,) + H”(A,,,) + Hq(B29+2) + Hq-‘(B2g+,) + . , (2.6) 
with arbitrary (trivial) coefficients. Here B,, denotes the Artin braid group of n-strands. 
The group structure of H*(B,,; k) with coefficients in a field k has been already 
determined completely by Arnol’d [l] (chk = 0), Fuks [8] (chk = 2), Cohen [5] and 
Vainshtein [ 131 (ch Ic is odd prime). Especially H*(B,; Z) has no p-torsion provided that 
11 > [n/2]. In Section 3, using these results and the two exact sequences stated above, 
we compute the cohomology H*(A,; k) in the case when ch k 3 g + 1. 
1. Symmetric mapping class groups 
The purpose of this section is to prove the Gysin sequence (0.2) under some slightly 
general situations. 
Let G be a finite subgroup of the mapping class group r,. The group G acts on the 
surface C, because of the Nielsen realization [lo]. Let S, be a subgroup of r, including 
G as a normal subgroup. We impose the following condition on the finite group G: 
The quotient orbifold C,q/G is the sphere S2 with some elliptic points. (1.1) 
The group (L) of order 2 generated by the hyperelliptic involution L satisfies the condition, 
and we may take the hyperelliptic mapping class group A, as S,. 
Let X: be a field with ch k- + #G. From condition (1.1) it follows that 
H*(G;H’(C,;k)) = 0. 
Hence all the E:“’ terms of the Lyndon-Hochschild-Serre (LHS) spectral sequence of 
the extension 
0 + G + S, A S,/G --f 1 
with coefficients in H’ (En; k) vanish, and so we obtain 
H*(L$,;H’(C,;k)) =O, ifchIci#G. (1.2) 
Especially we have 
H*(A,;H’(C,;k)) = 0, if chk # 2. (1.3) 
Let Sj and S,.r denote the fiber products Sj := S, ~r,~ Ti and S,,, := S,q x r, r,,, 
respectively. The group extension 
0 * z * s,,, + s; -j_ 1 (1.4) 
defines the Euler class e E N’(SJ; Z). We consider the extension 
o%r,(c,)+s;+s,+1. (1.5) 
Let Jtiber :H’I(S;) + Hq--2(Sg) d enote the Gysin map induced by the extension (1.5). 
Substituting (1.2) into a lemma of Morita [ 11, Proposition 3.11, we have 
Proposition 1.1. Let k be ajield ctith ch k { (2 ~ 2g)#G. Then the LHS spectral sequence 
of the extension (1.5) degenerutes itself into a decomposition 
H”(SA; k) = H”(S,; k:) @ e U IF2(S,; /c). 
Here it should be remarked that the bundle TXC,,, is aspherical (i.e., an Eilenberg- 
MacLane space of type (rr, 1)). We have an extension 
0 + 7r,(TXC,) i s,,, A s, + I. (1.6) 
Proposition 1.2. Let k be a jield with ch k i (2 - 2g)#G, and introduce u 4-dimensional 
class E E H’(S,; k) dejined by 
E := e2 - (2 - 2g)-‘e:. 
Here elL := Stiber en+’ E HZn(T,; Z) is the rlth Moritu-Mumford class [ 1 1,121. Then we 
huve a Gpin exact sequence 
. . + Hq+‘(Sy,,) r; H”(S,) 3 H”+“(S,) 2 H”+“(S,.,) --t ... 
with coejficients in k. 
When G = (6) and S, = A,, the Gysin sequence (in Proposition 1.2) is nothing but 
the sequence (0.2) stated in Introduction. 
Proof. Since ch Ic { (2 - 2y), we have Ic[S,]-isomorphisms 
H’(TXC,) = H2(TXCI/) = H’(C,), 
which implies the LHS spectral sequence of the extension (1.6) is given by 
Ep.q _ Hq(S,), if q = 0,3; 
* - { 0, otherwise. 
Hence it suffices to show that we may exchange the image &(I) E H4(S,) of 1 t 
Et,’ = Ho(&) under the transgression & for our class E. From the Gysin sequence 
induced by the extension (1.4) 
H’(S;) % H”(S;) --f HJ (S,. I ) (exact) 
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and the decomposition in Proposition 1 .l, the image of dd( 1) in H4(Si) is given by 
134(l) = (ae + w)e E H”(Sh) 
for some w E H2(S,) and a E I;. Applying the Gysin map Sfiber to the above, we have 
O=~~~,““(L)=~~~~ 
(ue2 + zue) = ael + (2 - 2g)2u, 
which means w = (a/(2g - 2)) el, i.e., d4(1) = a(e2 - (2 -2g))‘ere). Hence we obtain 
b(l) = (l/(2 - 2g)) lher d4(l)e = (a/(2 - 2g)) lb,, (e” - (2 - 2g)-‘ele’) 
= (a/(2 - 2g))&. 
Now, if n # 0, we may exchange d4( 1) for E to obtain the Gysin sequence (Proposi- 
tion 1.2). Hence it suffices to show that E = 0 under the assumption a = 0. Suppose 
a = 0, which implies d4( 1) = 0 and 
0 + H4(S,) + H’(S,.r) (exact). (1.7) 
If e’ is given by e’ = u + ve, u E H”(S,), ‘u E H2(Sg) from the decomposition (in 
Proposition l.l), then u = e2 - ve vanishes in H4(Sg,I) and so in H”(S,) from (1.7). 
Hence 
7J = (2 - 29))’ 
s 
ve = (2 - 2g))’ 
s 




e3 - ve2 = 0. 
fiber 
This completes the proof of Proposition 1.2 0 
2. Description of moduli 
For g 3 2 let Hg,l denote the space of holomorphic isomorphism classes (i.e., the 
moduli) of triples (C, p, u), where C is a hyperelliptic curve of genus g, p E C and 
v E T,C - (0). In this section we prove that the space Hg,l is an Eilenberg-MacLane 
space of type (A,. I , 1) and give an description of Hg,l with the (braid) configuration 
spaces of the complex line Cc to obtain a cohomology exact sequence (2.6). 
It should be remarked that the holomorphic automorphism group of each triple 
(C,p.u) t %I is trivial. In fact, since g 3 2, any holomorphic automorphism of 
C is an isometry under the hyperbolic metric, and any isometry fixing the tangent space 
of one point coincides with the identity on the path-component containing the point. This 
fact implies the existence of the universal family over the moduli Hg, 1. The universal Rie- 
mann surface is given as the moduli of quadruples (C, p, V, pt ), where (C, p, V) E H,,, 
and pl E C, and its relative tangent bundle over H,,, is given as the moduli E,,, of 
quintuples (C,p, v,p, q), where (C,p, ,u) t H g,l, pl E C and vt E TJl, C. The diagonal 
map (C, P, r~) E Hg,l t+ (C,P, V,P, u) e E,,I is well-defined and gives the tautological 
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section of E,,, + H,,, . Thus the holonomy homomorphism h associated to the universal 
family Eg, 1 has its own values in the fiber product A,, , : 
~:~l(fJgJ) + A&, =&j xr, rg,,. 
Proposition 2.1. The moduli Hg.l is an aspherical space (i.e., an Eilenberg-MucLane 
space of ape (7r, I)), and the holonomy homomorphism h: ~1 (H,,,) + A,,, is an 
isomorphism. 
Proof. For a hyperelliptic curve C of genus g we consider a bijection 6 of the set 
{ 1,2, . ,2g+2} onto the set of all Weierstrass points of C._In this paper we call it a level 
(structure) over the hyperelliptic curve C. We denote by H,,, the space of holomorphic 
isomorphism classes (i.e., the moduli) of quadruples (C,p, II, Q), where (C, p, u) E Hg,I 
and 8 is a level over C. Since the automorphism group of each triple (C, p, w) E H,,, 
is trivial, the map m, : gg,l + HII,, given by forgetting the level structure forms a 
principal E&+2 bundle. Here 6zg+2 is the (29 + 2)th symmetric group. When we denote 
by kg the moduli of leveled hyperelliptic curves (C, 0), the natural map w2 : fig,, + iig, 
(C,p, U, 0) ti (C, 19) is a C” fiber bundle whose fiber is diffeomorphic to TX C,/(L), 
because the automorphism group of each leveled hyperelliptic curve (C, f3) is just (L). 
The well-known isomorphism 
zg = { (zq, . . ) .Q+2) E (P’ ~ {O. 1) cxl,y : zz # zj (i # j)} 
implies that gg is aspherical. The space TX C,/(L) is also aspherical. Therefore the space 
irg,, and hence the space Hy,l = gg, I /GQ+~ are aspherical. 
In view of a theorem of Birman and Hilden [3] we have an extension 
O+(L)+A~~;~+~+~, (2.1) 
where ran = naDiff+ (S2, {n-point set}). It should be noted that r, admits mapping 
classes permuting the n reference points. Let Kg and ?igf2 denote the kernels of the 
natural surjections A, + f&+2 and r,, 2g+2 + 6~+2, respectively. As is well known, 
-2g+2 
71.1(H,) = r, . From the comparison of the restriction of (2.1) to the subgroup ?;,g+2 
with the homotopy exact sequence associated to the fiber bundle WJ~ :2,,1 + fig follows 
a natural extension 
0 + 7r,(TXCg) --t 7r, (fig,,) + n, + 1, 
which implies a natural extension 
0 + n,(TXCg) + n,(Hy,,) + A, --t 1 
Thus the holonomy homomorphism h is an isomorphism. 0 
The configuration space F,@ of ordered n points on the complex line (E is defined by 
Fn@:={(a,,...,a,)E@n; a,#ajifi#j}, 
on which the nth symmetric group Ej7, acts freely by permuting of the components zi’s. 
We denote by B,C the quotient space F,C/Gjn. By definition the Artin braid group 
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B,, is equal to the fundamental group ~1 (E&C). We introduce a complex manifold X,,, 
n 3 2, defined by 
&L := f E C[z]; 
f = zn + s*2--2 +..‘+&-lZ+S, 
f(z) has no multiple roots 
which is an open set of F-l. Clearly we have a natural isomorphism 
so that we have 
xn = K(&l, 1) (2.2) 
Now we introduce a subset of the moduli H,,, by 
lVg := { (C,p. v); p is a Weierstrass point} c H,., 
We shall give natural holomorphic isomorphisms 
X2,+, 2 W, and XQ+~ Z H,,, - W,. 
Let f = nT:T’ (z - a,) be a polynomial belonging to X2,+, . We define the hyperelliptic 
curve H(f) by gluing two affine plane curves 
*g+1 *!?+I 
w,* = f(q) = n (a - a,) and w* = z*~+*~(z-‘) = z n (1 - n,z) 
i=l i=l 
along (2, # 0) and {z # 0) under the relations 
zjz= 1 -_(g+l) and w=z, WI. 
We denote by oc the point (z, w) = (0,O) and call it the point at infinity. Since w is a 
coordinate centered at KI, we may define 
Thus we obtain a natural holomorphic map 
%+I :X2,+, + Al,,, , f ++ (H(f), 00. W), 
whose image is included in W,. When we set 
2g+l 
f(A,(4 := n (z - X4) E X*g+I (A E Q1 - {O}), 
2=1 
we deduce 
(H(f)> m> Wf)) = (fWpq)> CQ>~~(S,,) E Mg,, 
for any X E C - (0). A straightforward argument involved with (2.3) shows 
(2.3) 
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Lemma 2.2. The holomorphic mup HQ+, : Xzg+l + W, is an isomorphism: 
Hzy+1 :XZg+, ” w,. 
Next let f = n~~!?2(z - a,) be a polynomial belonging to XQ+~ in turn. We define 
the elliptic curve H(f) by gluing two affine plane curves 
2g+2 2.Y+2 
4 = f(Zl) = n (z, ~ a,) and 1u2 = ,~~~~+~~f(~-~) = n (1 _ aiz) 
2=1 i=l 
along (21 # 0} and (2 # 0) under the relations 
z1.z= 1 and PU=Z, -(S+)~,, . 
We denote by OO~ the point (z: PII) = (0, 1) and call it the point at infinity associated 
to the polynomial f. Since z is a coordinate centered at cx~f, we define 
E L&(f). 
Xf 
Here it should be remarked that (dl/l/ dz),, = 0. Thus we obtain a natural holomorphic 
map 
H 2g+2. x2gi2 + M&l, f I+ (H(f)> c~f> u(f))> 
whose image is included in Hg,, - Wq. When we set 
2g+2 
f(A)(Z) := l-I (x - A&) E X?g+? (A E @ - {O}), 
i=l 
we deduce 
(H(f), m, M.0) = (H(f(x,)> =f(,) > 4fc~,l) E %,I 
for any X E C - (0). A straightforward argument involved with (2.4) shows 
(2.4) 
Lemma 2.3. The holomorphic mup HQ+~ : X2g+2 + H,,, - W, is an isomorphism: 
H2g+2 : X2g+2=HHq1 -M;y. . > 
It is necessary to describe the tubular neighbourhood of XQ+, embedded in H,,, 
through the map HQ+ I. We remark 
d 
-$+2f(Z-‘) zz 1 
dz 
at z = 0 for any f E XZ,~+~. 
Hence there exist two open neighbourhoods 24, and L/z of XQ+~ x (0) in Xz9+1 x C 
such that the map 
XZg+l x @I 1 u, + X2gtl x c, (.f, z) +k (f, ~2g+2f(~~‘)) 
is a holomorphic isomorphism of UI onto l42. We denote the inverse of this isomorphism 
by 
21 I 
When the point (f, w) E Xzg+r x @. satisfies (f, w’) E Z&, the point 
p(f; w) := (z(f, UJ2). UJ) E C2 
belongs to the curve H(f) and w is a coordinate of H(f) near the point p(f, w). We 
endow each H(f) with the hyperbolic metric. Consider the open neighbourhood U of 
Xzll+r x (0) in XQ+~ x @ defined by 
(f, J) E & 
Lf := (f,W) t xzg+, x C; 
co, i.e., (z, %u) = (0,O) is the unique 
closest Weierstrass point of p(z, 1~) 
with respect to the hyperbolic metric 
The map 
is an open embedding. In fact, it suffices to show the injectivity of the map Hu. Suppose 
for (f. w)% (h, z) E 24. The holomorphic isomorphism cp preserves the hyperbolic metric 
and the Weierstrass points, and so maps the infinity 00 to the infinity oc. This implies 
that there exists an affine transformation z M AZ + U, ,Q, Y E Cc, p # 0, mapping the roots 
of f onto those of h. From the definition of XQ+~ follows v = 0, namely, h = fcP~. If 
(z’, ~1’) = y(z> w) ((z, w) E H(f)), we have 
2’ = p-12 and (w’)’ = (~‘)‘~‘*f~,~,((z’)-‘) = pL-‘wz. 
Hence we obtain w’ = y;‘w for some pi = &fi, and J: = pr’w from p(h,z) = 
cp(p( f> ,tu)). Furthermore 
which shows ~1 = 1. Consequently we obtain x = w and h = fcjLTl = f, as was to be 
shown. 
Thus the normal bundle of the embedding HI~+~ : XQ+, + Hg,, is complex analyti- 
tally trivial. From the Thorn isomorphisms 
Hq+‘(Hg~, , H,,, - wg) ” H4(Xzg+,) 
%+2(Hg,,: Hg,, - wg) ” H,(X2y+,), 
(2.5) 
follows a cohomology exact sequence 
. + H*-‘(XZg+, ) + H’(H,,,) + Hq(Xzg+2) + H”-‘(X2g+,) + ... 
with arbitrary (trivial) coefficients. Since H,,, E K(A,,, . 1) (Proposition 2.1) and X,, z 
K(&, 1) (2.2), we obtain a cohomology exact sequence 
... + HYP2(&,+,) + H”(A,.,) + H4(&+2) i Hqp’(B2,+,) + . . (2.6) 
with arbitrary (trivial) coefficients. 
We conclude this section with two remarks. 
First, using this description of the moduli H,,! , one obtains the following presentation 
of the group A,,,: 
generators: cr?, , 1 < i < 2{9 -t 1) 
relations: aia, = 5JOT,, if /i -jl 3 2; 
~i~i+l~, = cJl+lflr~i+l> for 1 < i 6 2g, 
(0203. ‘. qr,+p+’ = c71cq”‘02y+~~2g+l ‘..020[. 
A presentation of the group L$ is obtained by adding a single relation: 
&I+2 (0,02...cQ+,)’ = I 
to the above. 
Second the sequence (2.6) gives us some information on the cohomology H*(A,;iFz). 
As has been proved by Fuks [8], the natural surjection &, : B, + GTL of the Artin braid 
group B, to the nth symmetric group E5,L induces a surjection 
4;: H*(G,;iF,) --f H*(B,,;Fz). 
Clearly the surjection &+2 : Bzg+2 + 6~~~~2 passes through Ag,l. Hence 
H*(A,,t ;IF?_) --f H*(hg+2;F2) 
is surjective and the sequence (2.6) decomposes itself into the short exact sequences 
0 + H4-‘(B29+~;JF2) + H”(A,,,;F~) t Hq(B2S+2;F2) -+ 0. (2.7) 
Since the IF?-Betti numbers of B,, have been determined by Fuks [8], one can obtain 
those of A,, I. 
3. Computations 
Now we shall give computations of the cohomology of the hyperelliptic mapping class 
group A9 based on the results in the preceding sections. 
We begin by the first and the second cohomology. The sequence (0.2) implies 
ff’(4g.1 ; k) = Hq(A,; k), if q = 1,2 and ch k f (2 - 29). 
In view of the presentation of the group LI, given by Birman and Hilden [3, Theorem 8, 
p. 1 lo], we have 
H, (A,; z) = Z/2(29 + 1). if 9 is even, 
Z/4(29 + l), if g is odd. 
Hence 
(3.1) 
H’(A,,,; k) = H’(A,, I;) = 
I 
0. if ch X: i 2(g - 1)(2g + l), 
I;, ifchk/(2,4++)andchki2(g-1). 
(3.2) 
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From a result of Arnol’d [l] we have H,(B,;Z) = Z and H2(Bzs+2; k) = 0, if 
ch k # 2. Substituting them into (2.6), we obtain 
0 + H’(n,,r) + k + k + H*(n,,r) + 0 (exact), 
and so 
H*(A,.,; k) = H*(A,; k) 2 H’(A,,l; k) if chk { 2(g - 1). 
Next we study the third cohomology. From Amol’d [l] we have 
H2(&+2; k) = H3(Bzg+2; I?) = 0, if ch k # 2. 
This implies that the map in (2.9) 
H’(B2g+,P k) --f H”(A,,,) 
(3.3) 
is an isomorphism for ch k # 2. Consider the Gysin map induced by the extension (1.6) 
7rTT! : H”(A,,,; k) + H’(A,; k). 
or equivalently, the map 
i’ : H3(H,q,,; k) + H3(TXH(f); k) = k 
induced by the natural map 
i:TXH(f) + H,.I, (P,u) I+ (H(~)Jv)> 
where f E XQ+Z and T x H(f) is the bundle obtained by deleting the zero section from 
the tangent bundle of the Riemann surface H(f). 
Proposition 3.1. Let k be ajeld with ch k # 2. The Gysin map induced by the extension 
(1.6) 
7rTT! : H3(As,,; k)(” k) + H’(A,; k)(r k) 
is an isomorphism if and only ifch k f g(g + 1)(2g + 1). Especially, ifch k i 2(g - l), the 
necessary and suficient condition for the class E to be nonzero is ch k 1 g(g + 1) (29 + 1). 
Proof. Let A denote the set of all Weierstrass points on H(f) and F, the fiber of 
TX H(f) over the point a E A. Set U := TXH(f) -UaEA F,. We have the commutative 
diagram 
H’(%+I) ” H3(Hq,r > w,) L H3(Hg,,) 
H’ (LA Cl 2 H3(TXHif), U) - H3(TX‘H(f)), 
since the map i is transversal to the submanifold K$(% X2g+l) c H,,, . Here all the 
vertical arrows are induced by the map i and the 2 left isomorphisms are the Thorn 
isomorphisms (2.5). From (2.3) the image of the generator of H,(F,;Z) under i, is 
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represented by the loop in Xgg+l, fcexp4n~t)1 0 < t < 1. The loop induces a braid in 
B2g+ I : 
(aI 02 . 02g) 
2(2g+l) 
Therefore i*: H*(H,,,) Z k + H3(TXH(f)) 2 k is e q uivalent to the multiplication by 
8g(g + 1)(2g + l), which completes the proof. 0 
When k is a field with chk i 2(g - l)g(g + 1)(2g + l), we may choose an element 
E E H3(dg,,; k) satisfying ~1 (E) = 1 E Ha (A,; k). The map defined by 
Hg(A,) + Hg+3(Ag,,), u * <u 7r*u 
gives a right-inverse of the Gysin map 7~. Consequently 
Corollary 3.2. Let k be a$eld with chk { 2(g - l)g(g + 1)(2g + 1). Then we have an 
isomorphism 
H*(A,,,; k) = (k @ kc) @ ff*(A,; k), 
where < E H3(As,l; k). 
According to Cohen [5] and Vainshtein [ 131, Hq(B,; k) vanishes if g > 2 and ch k > 
w4. 
Corollary 3.3. If k is a jield with ch k = 0 or (3 g + 2 and # 2g + l), then we huve 
H*(A,g; k) = k (in dim0). 
Proof. From (3.2) and (3.3) follows H’(A,,,) = @(A,,,) = 0. As was already shown, 
H3 (A,,, ) = k. Substituting the results of Cohen [5] and Vainshtein [ 131 stated above 
into (2.6), we obtain H’J(A,,l) = 0 for q 3 4. The corollary follows from the previous 
one. 0 
Remark. This result and Theorems 3.4, 3.6 are included in those of Boedigheimer, 
Cohen and Peim [4]. In the case ch k = 0, this result follows from Arnol’d [l] by a 
consideration involved with differential forms (cf. [9]). 
For the rest of this paper we study two easy cases. 
First we consider the case when p = 2g + 1 is a prime number and when k is a field 
with ch k = p = 2g + 1. (3.1) induces a surjection 
x: A, + Z/2g + 1 = Z/p. (3.4) 
Theorem 3.4 (F.R. Cohen [2,6]). Suppose p = 2g + 1 is a prime number and let k be a 
jield with ch k = p. Then the surjection x (3.4) induces an isomorphism 
x* : H*(Z/p; k) ” H*(A,; k). 
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Proof. Under the representation of Birman and Hilden [3, Theorem 8, p. 1 IO], the 
mapping class y defined by 
y := (r,rz. ‘. 72.g) (ng+, . . 727:~2 . . %+ I > 
is of period 2g + 1 and satisfies x(y) # 0 E Z/p. This implies that the surjection x 
splits, and so the homomorphism x* : H*(Z/p; k) + H*(A,; k) is injective. Recall that 
Hq(Z/p; k) = k for each q 3 0. Consequently it suffices to show 
dimH4(n,;k) < 1 (3.5) 
for each q 3 I In view of the results of Cohen [5] and Vainshtein [13] quoted in the 
proof of Corollary 3.3 we have 
H*(Bzg+,;k) = H*(Bzg+z;k)” H*(S’;k). 
Substituting them into the sequence (2.6), we obtain Hq(A,.l) = 0 for q 3 4. This 
implies 
Hq-“(A,) + Hq(Ag) + H4(Ag,,) = 0 (exact) 
for q > 4. Therefore the proof of (3.5) is reduced to that in the case q 6 3. (3.5) for 
q = 1 and (3.5) for q = 2 follow from (3.2) and (3.3). (3.5) for q = 3 is already proved 
before Proposition 3.1. This completes the proof of the theorem. 0 
Finally we consider the case p = g + I is a prime number and k is a held with 
chk=g+l. 
Proposition 3.5. The Poincare’ series of the cohornology group H*(A,; k) is given bq’ 
1 +t3+t2g+t2g+‘. 
Proof. From (3.2) and (3.3) follows H’(A,,,) = H2(Ag.l) = 0. It is already shown 
that H’( Ay, 1) = k. As has been proved by Cohen [5] and Vainshtein [ 131, 
H*(B2g+l;k)” H*(S’;k), and 
k: ifq=0,1,2g,2g+ 1, 
Substituting them into (2.6), we have an isomorphism HQ(Ag,,) g H’J(B2,+*) for q 3 4. 
The proposition follows immediately. 0 
H’(A,) = H’(A,) = 0 by (3.2) and (3.3). Hence ei = 0 E H2(Ag) and so 
E=~~EH’(A~;IC): ifchk=g+l. (3.6) 
Theorem 3.6. Suppose p = g+ 1 is a prime number and k is ajeld with ch k = p = g+ 1. 
Then the Poincare’ series qf the cohomology group H*(A,; k) is given by 
(1 +t3+t2y+++‘)(1 -tJ)I. 
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Especially the group H* (A,; k) ‘. IT N f ree module over the polynomiul algebra k[ez] 
(freely) generated by the second Moritcr-Murnford c1as.s e2 E H4(A,; k). 
Proof. It suffices to show that the Gysin map in (0.2) ?r~ : Hq(Ag,,) + HQ-‘(A,) is a 
zero map for each q 3 3. 
It is already proved in Proposition 3.1 for the case q = 3. If q # 3,2g, 2g + 1, then 
Hq(A,.l ) = 0 and the Gysin map is also a zero map. Especially the Poincar6 series in 
question coincides with 
(l+t~+t’“+t’“+‘)(l~f~)-‘~(l+t’)(l-t4)-’ 
modulo t*g. Since g + 1 (3 3) is a prime number, 9 is even and 2g - 3 = 1, 29 - 
2 = 2 mod4, which implies H2gP”(A,) = H2gP2(A,) = 0. Thus the Gysin map 
7rTT! : Hq(AS,,) i Hq-“(A,) ‘. I$ a zero map for q = 2g,2g + 1, therefore, for all q 3 3. 
This completes the proof. 0 
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